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Disperson and attenuation of acoustic plane wave disturbances pro-

pagating in a ducted combustion system are studied. The dispersion and

attenuation are caused by'fuel droplet and soot emissions from a jet en-

gine combustor. The attenuation and dispersion are due to heat transfer

and mass transfer and viscous drag forces between the emissions and the
w

ambient gas. Theoretical calculations show sound propagation at speeds

below the isentropic speed of sound at low frequencies. Experimental re-

sults are in good agreement with the theory.

LIST OF SYMBOLS

A matrix

AE soot particle exterior area per unit mass„ m2/1'.a

AI soot particle interior area per unit mass, m2/kg

area, m2a

a j ,b j curve fit parameters

c soot mass, kg

c(w) sound propagation velocity, m/sec

co isentropic speed of sound, m/sec

cp gas specific heat at constant pressure, J/kg-K

cs soot particle specific heat, J/kg-K.

d diameter, m
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F	 particle force exerted on gas

F(w)	 transfer function for response of particle force on gas to

pressure perturbation

f	 frequency, Hz

f 
	 repetition frequency, 11z

H	 hear,-transfer coefficient, W/m2-K

h	 enthalpy, J/kg

1	 (-1)1/2
j	 summation index (Eq. (53))

It	 propagation wave number, w/co, M-1

It 	 effective chemical reaction rate, kg/N-sec

kl	chemical reaction rate of the lth process

L	 space between two points in duct

tl(w)	 transfer function for response of mass source to pressure

perturbation

(FIW) c	molecular weight of soot

ins 	soot particle mass, kg

N	 number of Fourier series curve fit parameters (Eq. (53))

NuH	heat-transfer Nusselt number, Rd/K

n	 number of particles per unit volume

ni ne	number of moles

Po	unperturbed pressure, N/m2

Po 
a	

partial pressure of oxygen, N/m2
e 2

p	 pressure perturbation, N1m2

Q	 heat transferred to gas from particles by convection

QC
	 heat generated by chemical reaction

per unit mass of fuel, J/kg

&	 gas constant

r 	 radius, m

S (w)	 transfer function for response of entropy source to a pressure

perturbation

s	 entropy of gas, J/kg-IC

T	 temperature, K



Oil	

_n__

a;

3

t	 temperature perturbation, K

U	 system forcing function

U	 velocity perturbation, m/sec

V	 mean flow velocity, m/sec

wair	
air mass flow rate, kg/sec

x	 cartesian coordinate
M
Y	 system state vector

Y	 relative concentration, partial pressure ratio or density ratio

y	 partial pressure ratio perturbation

CL	 acoustic attenuation coefficient, dB/m

y	 specific heat ratio of pas

e	 chemical heat parameter, Rc/cpT0

r;	 chemical reaction rate parameter, (TO
 /ka)(dka/dT)

0	 cross-spectrum phase angle

0	 time, sec

K	 gas thermal conductivity, W/m-K

s	
soot particle mass fraction, n ms/po

µ	 gas dynamic viscosity, kg/m-sec

P	 gas density perturbation, kg/m3

PO
	unperturbed gas density, kg/m3

T	 Stokes relaxation time, m/67rrs µ, sec

TA	 adsorption relaxation time, 1/AIkaP0 , sec

T 
	 propagation time delay, sec

Ts	soot particle thermal relaxation time, (ma ce)/4irrs(NuII/d s )K, sec

m[ )	 Pourier transform operator

CP	 mass source rate perturbation

0	 dispersion-attenuation propagation wave number factor

W	 angular frequency, radians/sec

Subscripts:

a	 adsorbed

C	 carbon

H	 heat transfer

m	 measured
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0 
	 molecular oxygen

o	 reference state

R	 repetition.

S	 soot

s	 soot particle interior surface

T	 total

in bulk gas far from soot particle

INTRODUCTION

Pressure spectra measurements were made for a combustion noise re-

search program in a liquid fuel ducked combustion test facility at the

NASA Lewis Research Center, An examination of the measurements showed

that they contained axial resonance peaks which could not be correlated

using the isentropic speed of sound and the facility geometry. Conse-

quently, the variation in the sound propagation speed which might occur

when a plane wave propagates through a cloud of liquid fuel droplets or

through a cloud of solid soot particles was investigated.

The literature contains a number of theoretical and experimental

studies of the propagation of a plane wave through a cloud of particles.

Studies considering viscous and thermal interaction but not mass trans-

fer were made by Epstein and Carhart (Ref. 1), Chow (Ref. 2), Temkin and

Dobbins (Ref. 3), and Dobbins and Temkin (Ref. 4). Studies which con-

'	 sider water vapor mass transfer in addition to viscous and thermal inter-

action were made by Marble and Wooten (Ref. 5) and were extended by

Davidson (Ref. 6). The theory was confirmed experimentally by Cole and

Dobbins (Ref. 7). Marble and Candel (Ref. 8) suggested that one techno-

logical application of the theory would be to use a water aersol to

attenuate sound in ducts.

1

	

	 The significant contribution of this paper is the application of

the previous work on plane waves propagating in a water aersol to the

study of the possible consequences of plane waves propagating in the

emissions of a liquid fuel combustor, The problem is formulated in the

next section. Following this is a discussion of a calculation of atten-

uation and dispersion of a plane wave propagating through a liquid fuel

droplet cloud. This discussion is based on the equations Marble and

I
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Candel (Ref. 8) derived for a cloud of water droplets with just a change

in droplet particle properties. Next, the propagation of a plane wave

through a cloud of solid soot particles is analyzed using the approach of

Marble and Candel (Ref. 8); modifications are used to account for the

physics and chemistry of the soot particles. Then, sample calculations

r of attenuation and dispersion using assumed parameters for the propagation

of a plane wave through a cloud of liquid fuel droplets and a cloud of

solid soot particles are presented. This paper concludes with a discus-

sion of the experimental results that can be compared with the theory

proposed herein.

I. PROBLEM FORMULATION

A. Wave equation

Equations are presented for sound propagation through a two-phase

medium consisting of a cloud of solid or liquid particles suspended in a

gas. The formulation follows that of Marble and Candel (Ref. 8). The

equations are based on the following assumptions:

(1) The particulate mass fraction and volume fraction are small.

(2) The particulate spacing is smaller than the acoustic wave-

lengths considered. Therefore, the particle cloud and gas can be treated

as a continuum.

(3) The fluctuations of pressure, density, temperature, entropy, and

velocity are small compared with their mean values. Therefore, the squares

and cross products of these parameters can be neglected.

(4) The fluid velocity is much smaller than the speed of sound.

(5) The bulk gas can be treated as a perfect gas.

The one-dimensional, gas, linearized conservation equations for zero

mean flow relating the perturbation velocity, pressure, and density (from

Ref. 8) are as follows:

Continuity:

apPoau

	

ae + ax ° w	 (1)

Momentum:

P au

	

aB + -P - F
	 (2)

y

1=



yf ,.

6

The ideal gas entropy equation is

p - Pc
2

	

o = P  _^ = s	
(3)

P 
e 2	 Yp0 PO 	c 

0 0

Marble and Candel derived from Eqs. (1) to (3) an expression for the

sound propagation velocity and the sound energy attenuation for a plane

wave propagating in a particle cloud. They applied the expression to a

plane wave propagating in a cloud of small water droplets. The wave num-

ber equation obtained (from Ref. 8) by retaining only linear terms in

small quantities for a plane pressure wave taken to be proportional to

ei(ksix-aA) is, in terms of the notation used herein and after some alge-

braic manipulation,

ik n = i (7w - i_ I'–^Z - i	 u +^^1) (4)
o	 0	 2c

o P	 c	 P coL o	 p	 oJ

The transfer functions 	 M(w), S(w), and	 F(w), which relate a pressure

perturbation to a perturbation in mass production, entropy production,

and viscous force drag, respectively, are defined herein as

m F^ = F(w)

14-01
5(	 )

OPP cO C0
m

l^YP0
6

Pa– PO

[7,;P] =['t'] (7) cp

where the Fourier transform operator is
w	

+i ll9
m[g(B) f =	 g(B)e	 dB = C(a))

J
(8)

-w

By definition, the sound propagation velocity is related to the wa'oe num-

ber equation by

C (W)	
Im (ik 0) m/sec

(9)

Also by definition, the acoustic energy attenuation coefficient in Nepers

per meter is

m = -2 Re(ikQ)

z

I:
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Nepers per meter is converted to decibels per meter by multiplying by

10 log l0e = 4.34:

a = -8.68 Re(iloR)	 (10)

B. Response of fuel droplet cloud

Fuel droplet emissions from combustors in the combustion duct system

r

	

	 can occur when the fuel droplet spray consists of large-diameter drops

and the air injected around the fuel nozzle through swirlers mixes poorly

with the fuel spray. This combination of large fuel drops and poor mixing

produces high levels of hydrocarbon emission (Ref. 9). The larger drop-

lets which pass through the high temperature reaction zone are assumed to

evaporate in a relatively cool gas mixture having a low oxygen concentra-

tion. Accordingly, the process is approximated herein by considering

evaporation without combustion,

The processes and assumptions typically employed in an analysis of

®	 fuel drop evaporation are discussed in Refs. 10 and 11. However, rather

than using a complex model to obtain expressions for 	 (w), (a)), and

F(w), the approximate model used in Ref. 8 for water drop evaporation

was adapted for use herein by malting appropriate assumptions. The result-

ing expressions provide (1) a guide to the order of magnitude of the trans-

:	 far functions i:(u)), (cu) and i (w) and (2) information on the frequency

dependence of the sound propagation speed and attenuation. Because the

resulting expressions are identical to those which could be obtained

from expressions in Ref. 8, they are not shown in this paper. The numer-

ical values of the factors in these expressions are different because the

physical properties were changed to those for a fuel drop rather than

those for a water drop. The results of these calculations are discussed
I

in a later section.

C. Response of soot particle cloud

Soot produced by gas turbine combustors oxidizes as it flows through

the duct system (Refs. 12 to 14). In order to calculate accurately the

response of a cloud of soot particles to an acoustic pressure perturbation,

the mass distribution, the chemical composition, and the distribution of

particle shapes and sizes should be known. It is also necessary to know

h
I ;.
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the rate constants for the heterogeneous oxidation process and the heat-

transfer process. However, at this time, none of this information is

known accurately. Consequently, the following model is a simulation that

includes the basic physics and chemistry in an approximate manner. An ex-

perimental study of the oxidation of soot (discussed in Ref. 15) and a

mathematical model for the gasification of coal char (discussed in Ref. 16)

were useful in formulating the approach used in this work. The model is

based on the assumption that the soot particles can be treated as being

made of porous carbon, having a spherical shape, and having a uniform

temperature.

The transfer functions I1(w), S (w), and F(w) are derived from equa-

tions that describe the particulate phase of the one-dimensional flow of

gas-soot particle mixture with interphase transfer of mass, momentum, and

energy. When specifying the functional dependence of 1 (w) and S (w),
the following selection is made. For the force acting on the gas due to

a particle, Stokes' viscous drag law is used. Thus, the total force on

the gas is

	

F = -n67Tra µ(u - us )	 (11)

For the heat transfer from the particles to the gas, Newton's law of con-

vection is used. Thus, the total heat transfer from n soot particles

into a unit volume of gas having thermal conductivity K is

\
 (

NU"Q = a(4irrs 1a	 ^ K(ts 	tom )	 (12)
s

where Null equals 2 if the air is stagnant. This value of 2, which is

generally used, is used herein since the difference between the particle

velocity and the gas velocity is assumed small. The general assumptions

associated with using these equations ate well known (Ref. 3).

The viscous drag transfer function 'is discussed first. A soot par-

ticle of mass ms and radius r 	 is moving at	 velocity u 	 in the gas.

The gas has a velocity u due to the wave motion. The particle experi-

en,:es a Stokes drag force of 67Tr s µ(u - us ), and the resulting particle

equation of motion is

I
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du

m d6 = 6Trrs µ(u - us )	 (13)

The gas velocity is related to a pressure perturbation for small perturba-

tions by

u= c	 (14)o 
0

The Fourier transform of Eq. (13) yields the following expression for the

response of the particle velocity to a pressure perturbation:

1	 ( )

us = 1 + (-iw)T co(yPo	
15

where

M
T = 6vraµ	 ( 16 )

Physically, T is the time interval in which the particle velocity is re-

duced by a factor of 1/e from its initial value due to the Stokes drag

force. Substituting Eq. (15) into Eq. (11) and using Eq. (5) yield the

following expression for the viscous drag force perturbation in response

to a pressure perturbation:

m[

^ n6nr µ
cop )F __ _ s^ o (-iu))T ( )

poc0J oca (YP0 1 + (-ico)T 17

Consequently, the viscous drag force transfer function is given by
r

F(W) = _ L sr (-im)

	

po co 	 T 1 + (-W)Tj	 (18)

where

na:	 (19)
s	 p

0

The heat generated by the oxidation of a soot particle is assumed

to be transferred directly to the particle. Thus, the entropy source

term may be calculated considering only the heat transfer between the n

particles and the bulk gas using Eq. (12) as follows:

1 u
To T^o dB = R = n /̂+Trs! d H K(ts - tom )	 (20)

s

The differential equation for the entropy source can then be written as

.j

^.Y



to

	

d s, ^̂a is - tW	 X21)
de (ch r= `a TO )

where

M c
T	

a P	
(22)Ts

	

471 r8 z ll^h

s

Physically, Ts is the time interval in which the gas entropy is changed

by a factor of 1/e from it initial valu..

Perturbations in bulk gas temperature and pressure are related to

perturbations in soot particle temperature by taking the derivative of

the bulk gas energy equation (Eq, (3)) and using the perfect gas law and

6q. (21) to show	

/
I	 1-	 (	 23To- To	 (1' - ! a9 (yP 0 / 

Ts \taro t^

	
( )

The slowest process in the burning of a soot particle controls the

reaction rate. Depending on the temperature and the particle geometry,

this may either be the diffusion of oxygen to the particle surface or the

chemical reaction rate at the surface. For the model discussed herein,

the chemical reaction rate is assumed to be slower then the diffusion

rate. Consequently, it controls the oxidation process. The soot is, for

simplicity, assumed to be carbon. However, evidence exists that the soot

cunrains a few p^.rcent hydrogen which, in practice, could be important.

To model the chemical reaction of oxygen with the soot, an adsorption/

desorption mechanism is used involving the following sequence of reaction°:

l^l	 1
C + 02	

(CO2) a

k2
(CO2)	 C + 02

a
k3

C + (CO2 ) a	 2CO

where (CO2 ) a is surface oxide (i.e., an 0 2 molecule adsorbed on the car-

bon surface (Refs. 15 and 16)). This process may be followed by a gasifica-

tion,reaction which produces carbon dioxide (Ref. 15). Only the initial

production of carbon monoxide is considered herein.
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The following concentration equations can be written for the sequence

of chemical reactions considered:	

^-3 f ^CO2^] - It[(C((Ic2 (CO2
)
a] - k3 [(CO2)a1

	

d	

(24)
L	

d0) _ -k2RCO22)1+ It 1 [02 )	 J	 (25)

	

L	 a

The concentration of (CO2
)
	 is assumed constant be^cruse a steady-state

condition is achieved where as much is created as is destroyed. Conse-

	

quently, the time derivative of (CO2)	 is zero. Thus, the Left side of
a

Eq. (24) can be set to zero, and the following expression for the concen-

tration of (CO 2 '	 is obl:ained:
a

It l [ O 2 )
(26)

	

I'CO2)21	 Ic2 + lcz	 26

The carbon consumption rate, which equals the net rate at which mass is

added to the gas by a single particle per unit particle surface area, is

then given by

_	
It k [0	

1 3

	

)	 It k	 Po,O
2

	

dd0C1 = kl[021	 It  + It 	 It2+Ic3	 RT	
IcaPo,02	 (27)

The following Arrhenius model chemical reactio:: rates (from Ref. 16)

were determined empirically to fit a wide range of data:

It  = 9500 
e-19,700/T 

kg/m2-sec	
(28)

It 
I
E= 2x10

-2
 e- 

15,700/T Icg/N-sec	 (29)

It  = 5.5x107 e-38,700/T Icg/m2 -sec	 (30)

The rate of mass addition to the bulk gas per unit volume for soot

particles having surface area a is then

IPT = nakap0
2

For a small perturbation in surface temperature and oxygen partial pres-

sure, the resulting change in mass addition can be written as

I.
I

(31)



T

rta

12

/	 T	 dlc	 C 1 	 p0
W	 -W	 +9=Halt Cl+	

o	 a 
e {P	 +	

2
(32)L̂ 	ka WTT	 o	 a \	 To///	 °' 02	 po 0

'	 2

I

p

	Thus,	 the mass perturbation term is given by

(po,02	
p02

1J	

T° 
dka, ts

cQ n•	 (nakaPo)1	 *(Ica^T	 po	 /	 Po,02]
(33)dT.7

This equation is rewritten as

4	 t	 +f	 PO'
^_ 8 Y	 H+ 

a Y	 2 (34)
"°	 Ta	

02	
T°	

Ta	
02 P°'02

where

1
Ta 

G Alkapo

(35)

.

a
AI ° ms (36)

s

P°'02
YO 	

Po
(37)

anti
T	 dk

r	 k	 dT
(38)

a

The external surface area of a spherical carbon particle of diameter

d	 per unit mass is

4vrs	 47rr3
1	 m2 _	 3	 m2

AE (39) ma	 4	 0d2000 kg	 200	 kg7rr3
3	 s

i	 Typical internal surface areas per unit mass of coal char as measured by

t•	 molecular adsorption are 100,000 to 400,000 m 2/Icg for 100"	 particles

which is four orders of magnitude greater than the external surface
I

area

•	 per unit mass (Ref.	 16).	 Consequently,	 the model calculations made herein

use internal surface areas per knit mass approximately four orders of

magnitude greater than the external surface areas per unit mass. 	 The

oxidation reaction is

C+2 02 - "CO

'Y

I'.,
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The heat generated is given by

C
Qe =(	 nihi - L 

neba) 

(MW) (40)
\LLL^^^	 c

P	 R

The heat balance equation for a soot particle is then

dNu
// 1)_

dA	 (ma ca ta ) _ 'l4nrs/	 da^Y(Ca - tom ) - Qc (41)n

r
When all	 n	 particles are considered, Eq. 	 (41) becomes

C
^a	 J	 c

cp de (
To/	 Ts^tsTo	 Pa

(42)
l

where

e = T4c (43)
o p

The perturbation in the partial pressure of oxygen is related to the

mass source variation and the total pressure perturbation using the con-

tinuity equations,	 The oxygen continuity equation is

de 
Po2 + 

ae 02 Fx _ -^P 1z (44)

This is because when a mass of carbon	 W	 is added to the gas the oxygen

concentration is reduttd by 
12 

CP.	 The bulk gas continuity equation is

-a + Po ox
(45)

The velocity gradient is eliminated from Eqs. 	 (44) and (45) as follows:

16	 bp
au = -L 	 1	 _ - 12	 _	 1	 °2 (46)
arc	

PO	 Po 
ae	

Po	
z	 °z

0	 Po,	
de

Thus,

aP
1 02i-	 Po

1+	 =	
1 ^ -	 1

(a7)P	 2	 P ae	 N	 a'e
° Po,02 l	

0	 0,02
16

However, the temperature of the oxygen and the bulk gas are identical,

and the gas properties are assumed to be identical; that is, both behave

as perfect gases. Consequently, Eq. (47) can be written in terms of pres-

sure perturbations as follows:



(49)

Yu/

PO

y 2
0, 0,,

(-iw)

1' 411•.'1:

14

1(P1610,+1	 tom- p021

F70	
12 

Y	
1 Btu tpo 	pu

16 02	 \	 02)

Equation (34) and the Fourier transforms of Eqs. (23),

can be put in the following matrix form:

- it Y0 C	 JQ 

Y0 i I tw
0	 s 2	 1	 s 2	 _

Ta	 Ta	 To

(48)

(42), and (1+8)

0

i

sll^io*TS)

Y a

be s

^s

0

The solution is

bQ s
Ta

I

baea (-iw) ^ s^
cis	 * tis

0

t
0	 0	

IT
	 -tiu(y - 1)

O

o 
i^ o

1 Y02 16
It	

i
y Y	 12

02 16

Y = A l U	 (50)
The mass source transfer function is found by using the solution for

q^Jpo obtained from Eq. (49) and Eq. (6). The entropy source transfer

function is found using the quantities ts u/T	 and L ,, /1 
u 

which were ob-

tained from Eq. (49), the Fourier transform of Eq. (21), and Eq. (7).

D. Sample calculations

A typical dispersion curve and an attenuation curve calculated for

vaporizing fuel droplets by using the arbitrary parameters in Table I are

presented in Fig. 1(a). The propagation velocity varies from 506 m/sec

at low frequencies to the isentropic speed of sound (610 m/sec) at high

frequencies. The attenuation is greater than 3 d8/m above 400 liz. Fig-

ure 1(b) shows the relative importance of the transfer functions 4(cu),

, (w), and :;(w). From Fig. 1(b) it follows that the viscous drag force

5
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transfer function can be neglected below 1200 Hz. Above 1200 Hz the

entropy transfer function becomes less than the viscous drag force trans-

fer function and it is easily shown that this accounts for the increase

in the attenuation.

A typical dispersion curve and an attenuation curve calculated for

oxidizing soot particles by using the arbitrary parameters in Table TI
M

are shown in Pig. 2 for mass loadings of 0.0058 (example 1, Table II) and

0.00058 kg/m3 (example 2, Table II) and an oxygen partial pressure of 0.05.

The sound propagation speed varies from 440 w./sec for a mass loading of

0.00058 and from 420 m/sec for a mass loading of 0.0058 at low frequencies

to the isentroptc speed of sound (610 m/sec) at high frequencies. The

attenuation for a mass loading of 0.0058 is greater than 3 dII/m above

400 Hz. However, it drops to less than 1 dII/m for a mass loading of

0.00058. It was also found that for these cases the viscous drag force

transfer function could be neglected below 1200 Hz.

II. EXPERIMENTAL INVESTIGATION

A. Measurements

The experimental apparatus is shown schematically in Pig. 3. The

combustor section consists of a J-47 burner can placed concentrically in

a 0.30-m-diameter by 0.77-m-long flow duct. The combustor section is

followed by a 0,31-m-diameter by 0.76-m-long spool piece. This section

is followed by a 0.30-m-diameter by 6.1-m-long flow duct.

The measurements discussed heroin were made at an exit temperature

of 920 K and at air mass flow rates of 0.5, 1.13, and 1.68 kg/sec. The

corresponding fuel flow rates were 0.009, 0.018, and 0.027 kg/sec. The

fuel was similar to JP5. The fuel-air ratio was about 0.02 for this test

condition.

Simultaneous internal fluctuating pressure measurements were made

aL the three locations shown in Pig. 3. The transducers used were con-

ventional 5/8-cm-diameter (nominal) pressure response condenser micro-

phones. To avoid direct exposure to the severe environment within the

flow duct, the microphones were mounted outside the duct and the fluctuat-

ing pressure in the duct was communicated to the transducers oy "semi-

infinite" acoustic waveguides. The internal probes have previously beeH

^g

I^^ti
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used for engine measurwnents (Refs. 17 to 19) and measurements in a com-

bustion component test facility (Ref. 20). Probe design, frequency re-

sponse, and operating characteristics are described in Ref. 21.

A typizal, constant-bandwidth proosure cross -spectrum phase-angle

plot for the frequency range from 2 to 400 llz is shown in rig. 4. The

test was made with a microphone near the entrance and 5.5 m downstream

near the exit of the long duct. The cross-spectrum phase angle data

taken at each test condition consisted of 200 data points recorded at

2-11z intervals.

D. Determination of sound propagation velocity

To obtain the sound propagation velocity, the cross-spectrum phase-

angle data are analyzed statistically using the following model. The

phase angle 0 of the cross spectrum measured between two microphones

in the long duct is assumed to be composed of two terms. The first term

due to the sound propagation time delay between the two microphones is

_
d l (f)	

L27rf
—	 c(f) + V	

(51)

The second term, 02 (f), is duce to the reflected pressure waves in the

duct system. This term is periodic in the frequency domain with a repiod

(repetition rate in the frequency domain) given approximately by the

round trip travel time between the two microphunes:

L _	 L	 _ 1	
(52)

	

TR _ c(f) + v + (f) - v	 fR 

The following procedure estimates both terms. Thus, the procedure analyt-

ically separates this second term from the cross-spectrum phase angle so

that the sound propagation velocity can be calculated from an estimate of

the first term.

The first step in obtaining the sound propagation velocity is to

curve fit the measured phase-angle data. The curve fit is calculated by

first using a linear least squares curve fit. Then, a finite Fourier

series analysis in the frequency domain is used to fit the remainder.

Consequently, the curve fit function is

I,I ;.
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0M = c - L25 F / cj cos(Jr 2grf) •H )

J.1	
j-1

where

j	 _	 1

T1	 fmax

bj sin (jT12rrf)
	

(53)

(54)

M.

f AIAx

c - 2 -	 0(f)cos(j,C 2vf) df
j	 imax 	

1

and

fmax
b	

z	
0(f)stn(JT z,rf) df	 (56)

j fmax fo 	1
While this function fits exactly, it is not useful unless it fulfills

the following requirements: (1) the number of terms is small; (2) the

terms can be physically identified; and (3) the resulting curve fit remains

valid. Thus, the second step was to study the curve fit with these re-

quirements in mind. From a study of various suboptimal curve fits it was

determined that using only the eight or nine terms with the largest coef-

ficients was sufficient to give a standard deviation of approximately 100.

Furthermore, an examination of these Lerms showed that they fell into two

groups. One set of terms corresponded to time constants near TR and

2TR . Consequently, these are assumed to be due to the reflected waves in

the duct system. Since the second set corresponds to time constants of

T1 and 2r. 1 , they are assumed to be related to c(f). Consequently, the

sound propagation speed is evaluated from

2
Uir8(f) - c(T 

V	 c + V +
	 [c,cos(jT127rf) a- bjsin(jT127Tf)D

j=l	 (57)

at high enough frequencies that the Fourier series terms are second order.

At Low frequencies it is assumed that 2(f) = c(f). The mean flow veloc-

ities V calculated using the measured air mass flow rate, the measured

(55)

F-
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temperature, and the duct geometry were 18.5, 41.6, and 61.3 m/sec for the

0.5, 1.13, and 1.68 kg/sec air mass flew rate test conditions, respectively.

Tile estimated sound propagation velocities calculated using Eq. (57)

are shown in Fig. 5. Ftgure 5 shows that for all three test conditions the

sound propagation velocity is below the adibatic speed of sound (610 m/sec).

Moreover, for the two lowest velocity test, conditions, the sound propaga-

tion velocity is near the isothermal sound propagation speed of 515 m/sec.

The experimental. results indicate that Lhe sound propagation speed increases

with the frequency above 200 Az. Finally, the sound propagation speed dis-

persion relation apparently varies with the test conditions. These experi-

mental results are in good agreement with those predicted by the simple

theory presented herein.

III. COMPARISON OF MCASUREDIENT AND THEORY

The measured cross-spectrum phase-angle analysis indicates that the

sound propagation speed is near the isothermal sound propagation speed

..:;d does not vary at low frequencies. This result can easily be related

to the analysis used here and in Ref. 8 if the additional assumptions are

made that soot particle temperature, mass transfer, and viscous drag force

perturbations are small and that w Ts hV s is less than one. With these

assumptions, Eqs. (21) and (3), with the density perturbation eliminated

by substituting the perfect gas perturbation state equation, can be used

Lo eliminate the built gas temperature perturbation and to find a relation

between the bulk gas entropy perturbation and the pressure perturbation.

Using Eq. (7) at Low frequencies with these assumptions yields

^7 CW)	
+^ u` + '{ w	 . 1 _ v

2R00
0
(-iw)	 2c 	 2p0(-iw)	 2	

(58)

I	
From Eqs. (4) and (54) the propagation wave number is

i-	 ik 1 - iko\2 + Y
	 (59)

and from Eq. (9) the sound propagation velocity is given by

c

	

c (to)	 1 o Y	 (60)

2 + 2

-4

y



n

'9

-.
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Thus, for y = 1.4 the sound propagation speed is 0.83 co or 506 m/sec.

Note that if the wave number equation had not been linearized by replacing

(1 - p)
1/2
 by 1 - (3/2, it would be easy to show that the propagation speed

would be given by c o //Vry, which is exactly equal to the isothermal speed

of sound (515 m/sec).

The same result is obtained if similar assumptions are applied to

the theory of plane wave propagation in a liquid fuel droplet cloud.

Thus, for these cases sound propagation is isothermal at low frequencies

due to heat transfer from the soot particle or liquid fuel droplet. The

experimental results indicate that heat transfer from the soot particle.

or liquid fuel droplet cloud to the bulk gas is the major effect, since

the propagation velocity obtained is near the isothermal speed of sound

and seems to be constant at low frequencies.

The occurrence of sound propagation at velocities less than the

isentropic velocity in combustors has not been reported previously. How-

ever, the propagation of s<)und at the isothermal velocity rather than at

the isentropic velocity and the gradual transition from the isothermal

conditions at low frequencies to isentropic at high frequencies have

been identified previously in sound absorbing materials (Ref. 22). In

addition, Dobbins and Temkin studied (Ref. 4) sound propagation in a gas-

particle mixture as a factor in solid propellant toaket motor acoustic

combustion instability. They noted that the addiction of particles can

change the characteristic frequency in a fixed geometry combustion system.

The proposed interaction between combustor emissions from a liquid fuel

combustor and the plane wave propagation is advanced herein as the reason

for the previously observed anomalies.

IV. CONCLUSIONS

Dispersion and attenuation of acoustic plane wave disturbances pro-

pagating in a ducted combustion system caused by fuel droplet and soot

emissions from a jet engine combustor have been studied experimentally

and theoretically. The cross-spectrum phase angle measured between two

microphones has been used to evaluate the sound propagation speed. The

following conclusions were reached:

}

I.,
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1. Fuel droplet and soot emissions from jet engine combustors may

attenuate and change the plane wave propagation velocity by heat trans-

fer and mass transfer with the ambient gas.

2. Sound propagation tends to be isothermal at low frequencies as

predicted.

3. in order to predict the frequency variation of resonance peaks

in a combustion noise spectra measured in a duct, the soot and hydrocarbon

emissions must be considered and the physics and chemistry of acoustic-

emission interaction must be understood.

H .,

1:-
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A v	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 0.05

hLV , J/kg	 .	 .	 .	 .	 .	 .	 . .	 4.16X107

W, kg/m3 .	 .	 .	 .	 .	 .	 .	 . .	 .	 0.0058

co , m/sec	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 610.0

^r HLV/Tocp	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 41

P, ON) V/ ON) g .	 .	 .	 .	 . .	 .	 .	 3.94

N. .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 1.64x1013

(cg	 .	 .	 .	 .	 .	 .	 .	 .	 . 3.54x10-15mL ,

SQ L , NML/Po 	•	 •	 •	 •	 .	 •	 • .	 1.53x10-2

T, sec	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 5.13X10-6

TD , ser.	 .	 .	 .	 .	 .	 .	 .	 . ,	 1.64x10-5

TT , sec	 .	 .	 .	 .	 .	 .	 .	 . .	 1.18x10-5

T,	 K	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 922.0
K, W/m-K	 .	 .	 . .	 .	 .	 .	 5.38x100-2

A o ,	 kg
/m3	 .	 .	 . .	 .	 .	 .	 .	 .	 0.378

cp , J/kg-K	 .	 . .	 .	 .	 .	 .	 .	 1100.0

y .............. 1.4

Q	 kg/m3 	.	 .	 . .	 .	 .	 .	 .	 .	 845.0
cL , J/kg-K	 .	 . .	 .	 .	 .	 .	 .	 .	 170^
rL ,	 m	 .	 .	 .	 .	 . .	 .	 .	 .	 .1.1.0x10-6

(MW) g 	.	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 28.97
(MW) L 	.	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 114.0
u, kg/m-sec .	 . .	 .	 .	 .	 3.66x10-5

Dvg , m2 /sec .	 . .	 .	 .	 .	 4.54X10-5

23

TABLE I. - parameters  used to calculate dispersion and attenuation

for the case of fuel droplets vapori3ing

aDefined in Ref. 8.
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TABLE II. - Parameters used to calculate dispersion and attenuations

curves for the case of soot particles oxidizing

r,	 K	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 922.0 Q,	 J/kg	 .	 .	 . .	 .	 ... -3.637x106

K,	 W/m-K	 .	 .	 .	 .	 .	 .	 . 5.38x10-2 AI , m2/kg	 .	 . .	 .	 .	 .	 . .	 4.0x108

u,	 kg/m3	.	 .	 .	 .	 .	 .	 . .	 .	 0.378 co ,	 m/see	 .	 . .	 .	 .	 .	 . .	 .	 609.0

cp ,	 J/kg-K	 .	 .	 .	 .	 .	 . 1100.0 c, Q/Tocp	.	 . .	 .	 .	 .	 . .	 .	 -3.585

y	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 1.4 ka , kg /N-see . .	 .	 . 8.08x10"10

p	 ,	 kg/m3 	.	 .	 .	 .	 .	 .	 . .	 1880.0 T	 dK

cs ,	 J/kg-m3	.	 .	 .	 .	 .	 . .	 3200.0 k dT •	 .	 .	 17.0

rs ,	 m	 .	 .	 .	 .	 .	 .	 .	 .	 . 1.0x10
-6

ms ,	 kg	 .	 .	 .	 . .	 .	 .	 .	 . ;.87x10-1S

ON).	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 28.97 T,	 sec	 .	 .	 .	 . .	 .	 .	 .	 . 1.14x10-5g

p,	 kg/m-sec	 :	 .	 .	 .	 .	 . 3.66x10 "5 TT ,	 sac	 .	 .	 . .	 .	 .	 .	 . 1.50x10-6

^ 0 	.	 .	 .	 .	 .	 .	 .	 .	 .	 .
2

.	 .	 0.05 TA ,	 sec	 .	 .	 . .	 .	 .	 .	 . 3.09X10-5

Example

1 2

N 7.36x1013 6.73x1012

Nms ,	 k€;/m' 5.8x10
-3

5.8x10"4

A s , Nms loo 1.Sxi0
-3

1.5x10-3

r
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